Advertising experiments often suffer from noisy responses making precise estimation of the average treatment effect (ATE) and evaluating ROI difficult. We develop a principal stratification model that improves the precision of the ATE by dividing the customers into three strata -those who buy regardless of ad exposure, those who buy only if exposed to ads and those who do not buy regardless. The method decreases the variance of the ATE by separating out the typically large share of customers who never buy and therefore have individual treatment effects that are exactly zero. Applying the procedure to 5 catalog mailing experiments with sample sizes around 140,000 shows a reduction of 36-57% in the variance of the estimate. When we include pre-randomization covariates that predict stratum membership, we find that estimates of customers' past response to similar advertising are a good predictor of stratum membership, even if such estimates are biased because past advertising was targeted. Customers who have not purchased recently are also more likely to be in the "never purchase" stratum. We provide simple summary statistics that firms can compute from their own experiment data to determine if the procedure is expected to be beneficial before applying it.
Introduction
Advertising experiments (also called incrementality tests, lift tests or holdout experiments) gauge the effect of media by comparing sales for customers who are randomly assigned to receive a marketing communication to sales for customers who do not receive that communication, i.e., a control or "holdout" group (Lewis and Rao 2015 , Hoban and Bucklin 2015 , Sahni et al. 2016 , Zantedeschi et al. 2016 , Johnson et al. 2017a b) . The estimated sales lift obtained from such experiments can be compared to advertising costs to determine whether the advertising has positive returns. This approach to gauging the value of advertising is the "gold standard" for causal inference (Gordon et al. 2019) , is increasingly popular among digital marketers, and has been implemented in tools like Facebook Conversion Lift and Google Campaign Experiments.
We focus on experiments where ad exposure is randomized at the individual level and the response variable is sales or profit for each customer. In practice, such experiments are often inconclusive because the response for individual customers typically has high variance and advertising effects are often small relative to this noise. This results in estimates of sales lift that are highly imprecise even for very large experiments, leading to imprecise estimates of marketing ROI (Lewis and Rao 2015) . Compounding this problem, advertisers often use small control groups (e.g. 5-10% of the total test size), to reduce the opportunity cost of the test (Feit and Berman 2019) .
We propose a new model for analyzing advertising experiments that leverages post-stratification.
Post-stratification involves separating the subjects in the experiment into groups with different treatment effects and has two key benefits for marketing analysts: First, stratification provides estimates of heterogeneous treatment effects for each stratum that can be useful for targeting, and, second, the stratified estimate of the average treatment effect may be more precise than standard estimators (Ganju and Zhou 2011 , Deng et al. 2013 , Miratrix et al. 2013 . The latter benefit is less well-known in the marketing literature, but potentially very important for advertisers; our applications show that the improvements in the variance of the estimated average treatment effect (ATE) can be substantial, even for experiments with large sample sizes.
A key motivation for our approach to post-stratification is that many customers in advertising experiments do not purchase. Thus, the observed response can be decomposed into the purchase incidence and the amount purchased conditional on incidence. 1 We stratify customers in a marketing experiment into three groups based on their potential outcomes for purchase incidence: those who only purchase if exposed to the ad, those who purchase regardless of their exposure to the ad, and those who do not purchase regardless of treatment. This is distinct from most post-stratification approaches which rely on observed pre-randomization (baseline) covariates.
Since we do not observe both potential outcomes for each customer, these strata are latent, but the size of these groups and their average response can be estimated using a mixture model for the customers in the treatment group who are observed to purchase. This is a new adaptation of principal stratification (Frangakis and Rubin 2002) , which has been used previously to analyze experiments with treatment non-compliance (Roy et al. 2007 , Gallop et al. 2009 , Barajas et al. 2016 ) and truncation by death (Rubin et al. 2006 , Zhang et al. 2009 , Ding et al. 2011 . The details of this model are laid out in Section 2.
The model divides customers into strata that have substantially different treatment effects.
Specifically, it allows us to estimate the large number of customers who will not purchase regardless of treatment and therefore have a treatment effect of precisely zero for each customer. Typically, the other two groups will have larger treatment effects, with the greatest treatment effect for the group who only purchases when treated. When we re-combine the estimates for each stratum to estimate the overall ATE, the precision of the overall ATE is increased. In the applications to catalog tests reported in Section 3, the ATEs from the principal stratification model have on average 50% smaller posterior variances than estimates from the standard difference-in-means model.
The approach is distinct from previous applications of post-stratification where observed prerandomization covariates for each customer are included in a regression as main effects (Deng et al. 2013, Lewis and Rao 2015) or as interactions with the treatment indicator (Ganju and Zhou 2011 , Lin 2013 , Miratrix et al. 2013 . Empirically, using pre-randomization covariates in this way has produced somewhat modest increases in the precision of the ATE especially when demographics are used for stratification. One suggestion is to use pre-treatment measurements of the same response (in our case sales) as main effects in a regression (the CUPED method of Deng et al. 2013) , although this does not work in all cases (Jones et al. 2017) .
Although the principal stratification model does not require pre-randomization covariates, it can incorporate them as predictors of the principal strata, as we discuss in Section 4. Many marketers have rich observational data on each customer's purchase history and response to past marketing. We focus on two summaries of past customer behavior that are theoretically related to the effect of a marketing treatment. The first is a measure of the customer's responsiveness to similar marketing treatments in the past. While estimates of responsiveness are often biased due to targeting or treatment selection, the estimates still rank customers accurately, under some mild assumptions which we detail. The second pre-randomization covariate we focus on is the time since last purchase (i.e., recency), which is a predictor of latent attrition (Fader et al. 2005) . Customers with longer time since last purchase are more likely to have left the firm and therefore less likely to be responsive to the marketing treatment. As we will show, these two pre-randomization covariates are associated with stratum membership and are available to many marketers. Post-stratification is carried out in the analysis stage of the experiment, and requires no changes to the design of the experiment; the strategies we propose can be used to re-analyze experiments that have already been fielded. In the main application, we use the proposed model to re-analyze 5 catalog experiments conducted by a retailer and across all of these experiments we find that more than 75% of customers have potential outcomes Y (0) = Y (1) = 0. That is, they will not purchase during the experiment regardless of treatment. Customers who have not purchased recently are even more likely to be in this zero-treatment effect group. Separating out these "never-buy" customers results in a 36-57% reduction in the variance of the estimate of the ATE. We also report a second application in Appendix D.
To summarize, the principal stratification model we propose leverages the fact that many advertising experiments contain a large volume of zero responses, while the positive responses can be measured continuously. The decomposition into three strata provides a more precise estimate of the ATE and provides predictions about customer stratum membership. The reduction in the variance of the ATE is useful for computing a more accurate ROI estimate for marketing actions, and can also be used to lower the required sample size of experiments. 2 The allocation of customers into strata can also allow firms to target customers based on their responsiveness.
Principal stratification for advertising experiments
In an advertising experiment n customers indexed by i = 1, . . . , n are randomly assigned to treatment (Z i = 1) or control (Z i = 0) and each customer's total sales or profit, Y i (Z i ), is observed for 2 The sample size increases linearly with the expected variance of the ATE. some period after the exposure. We adopt the potential outcomes framework where each customer in the test has two potential outcomes, Y i (Z = 0) and Y i (Z = 1), and the analyst observes the outcome consistent with the customer's random assignment. The main goal of the experiment is to estimate the ATE:
Estimates of τ can be compared to costs to determine if the marketing treatment being tested has positive ROI for the population in the test. A standard way to estimate the ATE is by linear regression:
This results in nearly the same estimate of the ATE as the common difference-in-means estimator; the only difference is the pooled variance in the regression model. This estimate of the ATE is often imprecise due to the large variance of Y i in most marketing response data (Lewis and Rao 2015).
Why is the variance of Y i high in advertising experiments? A major contributor is the fact that The columns in Figure 1 depict these three strata. We denote the proportion of customers in each stratum as π A , π I and π N , while we denote the mean response in stratum s ∈ {A, I, N } with
The model assumes that there are no customers who purchase only if they are not exposed to advertising. This is consistent with most other models of ad response that assume there can not be a negative response to ads (e.g., ad stock models) and improves the identification of the model (Feller et al. 2019 ). As we show formally in Proposition 1 below, this assumption it is not the primary driver of reductions in the posterior variance of the ATE.
This model is similar to, but different from, principal stratification models used to analyze experiments with truncation-by-death (Zhang et al. 2009 , Ding et al. 2011 . Truncation-by-death rate or quality-of-life. However, in truncation-by-death the focal response is undefined for subjects who die and so the ATE is only defined for the group which is alive under both treatments. By contrast, in our model for sales response customers who do not buy yield the firm zero revenue.
Thus, the three strata have ATEs:
If the experimenter had full knowledge of stratum membership for each customer denoted by the indicators X A i , X I i and X N i , they could incorporate these covariates in a regression with a full set of treatment:covariate interactions to estimate the post-stratified ATE τ ps :
where X is the mean of covariate X (Ganju and Zhou 2011 , Lin 2013 , Miratrix et al. 2013 ). The mean-centering ensures that the coefficient τ ps is the ATE. Not including the interaction terms (sometimes called "regression adjustment") introduces a bias in the estimates of the ATE (Lin 2013 ) which becomes smaller with n.
In practice, the experimenter does not know the stratum membership of each observation, but if they can estimate π s and µ s z they can compute:
We refer to this as the principal stratification ATE for advertising experiments. As we discuss in Section 3, π s and µ s z can be estimated from the experimental data where the X s i are latent. However, before we discuss estimation, we first show the theoretical benefit of stratification assuming the X s i are observed.
Benefit of principal stratification
Using equations (1) and (5) of Ganju and Zhou (2011) we can show that the gain from using post-stratification when the allocation to treatment and control is equal (n 1 = n 0 ) is:
where µ z = s π s µ s z . In general, stratification may not always be beneficial for reducing the variance of the ATE; when ∆ < 0, the benefit is negative. Intuitively, because ∆ is proportional to the covariance in the treatment and control means for each stratum, ∆ > 0 when the mean response within strata are positively correlated between treatment and control.
In the principal stratification model the treatment and control means for each stratum are defined by µ s 1 and µ s 0 , which can be substituted into (6) to prove the following proposition:
Proposition 1. If stratum memberships are observed:
• The reduction in variance equals:
• There is a positive reduction in variance if and only if
Proof. The expression for reduction in variance results from plugging in µ 0 = π A µ A 0 and µ 1 = π A µ A 1 + π I µ I 1 into (6). The condition in the second item can be obtained from noticing that the expression inside the parenthesis needs to be positive for a positive reduction.
The advertiser can expect to achieve a more-precise estimate of the ATE from principal stratification when the always-buyer group has high average sales under treatment compared to the influenced group, or when the never-buy group is large relative to the influenced group. Figure 2 illustrates the benefit through a simulation comparing the standard difference-in-means estimate from (2) to the post-stratified estimate from (4) using different sample sizes and treatment allocation proportions. The vertical bars indicate the sampling variance of the estimators, which are substantially smaller for the post-stratified estimator in all cases. Although ∆ shrinks at a rate of 1 n , the variances themselves also shrink at the same rate, and so the relative reduction in sampling variance (V ar( τ d ) − V ar( τ ps )) /V ar( τ d ) can be substantial even for large samples. Thus, stratification can improve estimates of advertising incrementality and ROI even for large tests.
Proposition 1 and the previous work on post-stratification has assumed that each observation's stratum membership is observed by the experimenter, and not latent as in principal stratification.
In our model, the strata sizes and membership are estimated, which may add additional noise and increase the variance τ ps . Research in the survey literature on such "endogenous post-stratification" estimators has shown that they are asymptotically consistent Opsomer 2008, Dahlke et al. 2013) . We use Bayesian inference to propagate these estimation errors into τ ps . The decrease in precision due to estimation error is an empirical question and our applications show that this is far outweighed by the increase in precision due to principal stratification.
Before we proceed to discuss the estimation of the model, we develop a summary statistic firms can compute from their data to determine if stratification may be beneficial.
Quantifying the expected benefit from principal stratification
Because the treatment assignment Z is independent from the potential outcomes and because everyone who buys with Z = 0 is in the always buyer group, the experimenter can estimate π A as the proportion in the control group that buys. Any buyer with Z i = 1 who is not an always-buyer is an influenced, hence π I can be estimated as the proportion of buyers in treatment minus the proportion of buyers in control. Thus, we can estimate the strata proportions with the following consistent estimators:
where n 0 and n 1 are the number of customers with Z i = 0 and Z i = 1 respectively.
The values of µ A 1 and µ I 1 cannot be identified without further modeling assumptions (which we layout in the next section), but a lower bound on the ratio µ A 1 /µ I 1 can be calculated. Using the average of the lowest n 1 · π A observations from the set {Y i (1)|Y i (1) > 0} provides a lower bound on µ A 1 and the average of the remaining largest observations from {Y i (1)|Y i (1) > 0} will provide an upper bound on µ I 1 . If we denote these averages as µ I max 1 and µ A min 1 then clearly
Hence, based on Proposition 1 if the experimenter observes
they should expect a benefit from applying stratification.
How large can this benefit be? We can use the same approach to provide a lower bound on the gain:
By dividing these estimates with V ar( τ d ), the experimenter can find a lower bound on the expected relative decrease in variance if they analyze the experiment using principal stratification. Note: Data is simulated using the parameters estimated for Experiment 2 in Table 2 with 500 replications.
Treatment proportion in left panel is 0.5. Sample size in right panel is 10,000. In summary, the principal stratification model provides us an integrated accounting of the effect of the ad (i.e., the lift in purchase incidence, π I , versus the increase in spend for those in stratum
and has the potential to increase the precision of the estimate of the overall ATE.
Moreover, analysts can compute a simple statistic prior to estimating the model to determine if the post-stratified estimate is likely to be more precise than the difference-in-means.
Estimation of principal stratification model
We do not directly observe which principal strata each customer belongs to. We only observe that the customer belongs to one of the four groups shaded in Figure 1 : customers who are treated and buy, customers who are treated and don't buy, customers in the control who buy, and customers in the control who do not buy. However, even without directly observing the principal strata, the model can be estimated based on the marginal likelihood of the observed data.
Following the literature on principal stratification, the response for each strata and treatment combination is specified as:
If the log-sales are not normally distributed, other distributions could be specified for the positive purchase amounts.
Using the Normal specification in (10), the marginal likelihood of a positive observation in the treatment group (upper left shaded area in Figure 1 ) is:
The remaining customers in the treatment group who did not purchase (upper right shaded area of Figure 1 ) must belong to stratum N, and this occurs with likelihood:
Similarly, customers in the control group who purchase (lower left shaded area in Figure 1 ) must be in stratum A and the likelihood of these observations is:
and the customers in the control group who do not purchase (lower right shaded area in Figure 1) are in strata I or N with likelihood:
Equations (11) - (14) form a marginal likelihood for the observed data which we can use for analyzing advertising experiments. Equations (12), (13) and (14) serve to identify π A , π I and π N and equation (13) identifies µ A 0 and σ. The mixture model in (11) is identified except in the pathological case that µ A 1 = µ I 0 or π I or π A is zero; that is, the A and I strata must not be empty and there must be a difference in the mean purchase amount for treated customers in the A stratum and the I stratum. The parameters can be estimated using maximum likelihood, method of moments or Bayesian estimation. We opt for Bayesian estimation, because it allows us to propagate the noise in the estimates into an overall ATE calculation without making use of approximations.
We estimate the model in (11) - (14) 
Application
We estimate the model for 5 catalog lift tests that were conducted by a US multi-channel speciality retailer between September 2017 and February 2018. For each experiment, the retailer randomly selected approximately 140,000 customers from their active customer list and a high-end catalog was mailed to half this list at random. For each customer, all-channel purchases (net returns) in the 30 days after the experiment were tracked using the retailer's regular name/address/email matching process. (Credit-card usage at this retailer is high and more than 80% of transactions are matched to an existing customer in the CRM system.) Our analysis focuses on the log-sales for each customer, log(Y i + 1), as the key response. Table 1 contains basic summary statistics and the difference-in-means estimate of the ATE for each experiment. 3 For experiments 1 and 5, the estimated treatment effect τ d is small and the posterior of the difference-in-means estimate straddles zero. For experiments 2, 3 and 4, which 3 Table 1 shows the posterior mean and standard deviation of the difference in log-sales for the model in equation (2); OLS estimates of the mean and standard error are nearly identical.
were conducted over the holiday season, the treatment effect is larger and the 95% credible interval is positive. The principal stratification model specifies log-sales in the control group as Normally distributed (see equation (13)) and log-sales in the treated group follow the mixture distribution in equation (11). Figure 4 shows histograms of the positive log-sales for Experiment 2, which are consistent with these assumptions. Histograms for other experiments are similar and are included in Appendix B.
Expt 2 Purchases in Control Group
Purchase Amount (log $) 
Parameter estimates
Posterior estimates for the principal stratification model for all 5 experiments are shown in Table 2 .
Taking Experiment 2 as an example, we find that 16.2% of customers are in stratum A and 0.4% of customers are in stratum I, consistent with the observed purchase rates in Figure 4 . The average sales amount for customers in stratum I is exp(3.078 + 1.101 2 /2) − 1 = $38.81. For customers in the A stratum, we see an increase in average purchase amount of (exp(4.691 + 1.101 2 /2) -1)
-(exp(4.616 + 1.101 2 /2) -1) = $14.43. Importantly, we estimate that 83.4% of customers are in the never-buy stratum with a treatment effect of exactly zero. Results for other experiments are similar. The estimated within-strata response variance for Experiment 2 is σ 2 = (1.101) 2 = 1.212, which is substantially smaller than the variance estimated for the difference-in-means model, which is (1.774) 2 = 3.147. This implies that the variances in the individual treatment effects within each stratum are substantially smaller than the variance across all customers, which is precisely the condition under which post-stratification produces a more precise estimate of the average treatment effect than the difference-in-means estimator.
Improvement in posterior variance of the ATE
To illustrate the reduction in posterior variance of the ATE, we compare the principal stratification model to the standard difference-in-means model in equation (2). We estimate it with Bayesian methods to facilitate comparison, assuming a Normally distributed error term and diffuse priors.
As a second benchmark, we also compare to a model with zero-inflated Normals, to accommodate the large number observed zeros, specifically: and 5% 1-sided confidence level, requires 66K customers in the control group using the diff-inmeans analysis (assuming a catalog cost of $1 and using the average sales of $9.31 per customer).
Using principal stratification cuts this requirement in half to 33K and the difference translates to an increase of approximately $77K in additional revenues when the alternative hypothesis is true. 5
4 Pre-randomization covariates
In this section, we discuss how pre-randomization covariates can be incorporated into the principal stratification model. There are several ways to do this: covariates could be used to predict stratum membership, or predict response for the groups with positive response, or both. We focus on prerandomization covariates as correlates of stratum membership, because such covariates improve the identification of the mixture model in (11). For example, Ding et al. (2011) shows that a discrete covariate with 3 levels is enough to identify the treatment effect for the A group in a nonparametric principal stratification model. Under specific assumptions, the proof can be extended to
show that the ATE is nonparametrically identified with slightly more levels. This is an important advantage, as the identification of normal mixture models (even for simple ones) has been shown to be potentially problematic (Feller et al. 2019 ) and any posterior uncertainty in the mixture model will propagate into estimates of the ATE. However each additional level effectively creates substrata, which may lower the number of observations in each substratum which, in turn, will decrease the precision of ATE the estimate.
Specifically, we extend the model in equations (11) - (14) to allow the principal strata probabilities to depend on covariates. If x i is a vector of observed pre-randomization covariates for customer i including a leading column of ones for the intercept, then we specify the conditional 5 The ROI is defined as ROI =
when c is the cost. It can be transformed to fit our model for estimating
principal strata probabilities as a multinomial logit model:
where the coefficient vectors β I and β N are estimated from the data in the experiment. We use τ c to refer to the ATE produced by fitting the model defined by equations (11) - (14) and (16).
In addition to potentially improving the precision of the ATE estimate it can also provide insights into which customers are more likely to be in the N stratum, who are obviously poor targets for treatment, versus the A and I strata, which typically have positive treatment effects.
The key to applying this model is identifying pre-randomization covariates that are associated with stratum membership. The literature on latent attrition suggests that recency, which is the number of periods that have passed since the customer's last purchase, is a good predictor of whether a customer is active (Fader et al. 2005) . 6 If the customer is no longer active, then they are, by definition, a part of the N stratum in the experiment. Thus, we expect the customer's recency at the time of the experiment, R i , to be associated with increased probability of belonging to the N stratum. Many advertisers have data on prior purchases for the customers in the test (e.g., Lewis and Rao 2015), so recency is available for many retention campaigns like the ones in our application.
Most CRM databases that track purchases for individual customers also track prior exposures to marketing. Similarly, in online advertising settings records of past exposures are also frequently available. Such data may or may not have come from a randomized experiment, but it can be used to create a (potentially biased) individual-level estimate of past responsiveness to similar marketing, Q i . If this estimate of past responsiveness is correlated with future behavior, than it will be predictive of belonging to the "Influenced" stratum.
Specifically, in each pre-experiment period t let y it be an indicator of whether the customer made a purchase and let z it be an indicator for whether the customer was treated. The prior treatment response, Q i , is the difference between the average probability of purchasing in periods with no ad exposure and purchasing in periods with an ad exposure:
If responsiveness is static and past exposure z it is exogenous, the responsiveness metric is an unbiased estimate of the customer's likelihood of being in stratum I. However, it is not necessary for advertising exposure to be exogenous; the treatment z it may be correlated with stratum membership. Despite the potential endogenity, we show that if customer i is more likely to be in the A or I strata than customer j, then customer i is expected to have both higher Q i and lower R i :
Proposition 2. Assume each customer i's stratum membership in each prior period t is determined by an independent draw from a categorical distribution with latent parameters (π A i , π I i , π N i ) which remains constant before and during the experiment. If for two consumers i and j, 1/2 > π A i > π A j and 1/2 > π I i > π I j , then:
• The expected responsiveness of i is higher than that of j:
• The expected recency of i is lower than that of j:
These results hold even if past marketing exposures z it are positively correlated with the potential outcomes of each customer i.
Proof. See appendix.
The major implication of this result is that we can rank consumers by their past recency and responsiveness and divide them into groups that will be predictive of their future stratum membership. Thus, Q i and R i are reasonable candidates to include as covariates to stratum membership in the principal stratification model.
It is notable that π A i and π I i must be less than 1/2 for this identification approach to be valid. The reason is that when both of these values are high and the targeting is precise, it may be the case that the expected recency and responsiveness metrics are lower for consumers with high values of π A i and π I i . If ad exposure was exogenous for the prior periods, then ranking based on past behavior predicts future behavior for any values of π A i and π I i . This approach to pre-randomization covariates is different from including the covariates in a regression for the response. Such "regression adjustments" do not always provide meaningful gains in the precision of the ATE (Jones et al. 2017 ) and, as we show in the application, they do not improve the variance of the ATE as well as principal stratification. In the principal stratification model, these covariates are used to predict stratum membership and are theoretically justified for that purpose. Including these covariates may increase or decrease the precision of the ATE relative to principal stratification without covariates. However, regardless of the effect on the precision of the ATE, covariates also bring additional insight into which customers are likely to belong to the N stratum.
Application with covariates
For the application, we had access to CRM data indicating whether each customer received a catalog or made a purchase in each month for 13 months prior to the experiment (see Figure 6 ).
Using this data, we computed Q i and R i for each customer.
September 2016
August 2017
Pre-Randomization Observational Data
Transactions and exposure to catalog mailings over 13 months for ~140K customers
Randomized Experiments
Five catalog experiments with same customers randomized 50%/50%
February 2018 September 2017 Table 4 presents the parameter estimates of the principal stratification model. We see that the response means, µ A 0 , µ A 1 and µ I 1 , are largely the same as in the model without covariates. The response variance σ is also similar. Both recency and responsiveness are associated with substantial changes in the strata probabilities as shown by the large and significant β coefficients in Table 4 .
Since the multinomial logit parameters (β) can be difficult to interpret, Table 5 shows the conditional estimates of the strata probabilities. As expected, customers who have not made a recent purchase are much more likely to be in the N stratum and less likely to be in the A stratum.
Customers who are less responsive are less likely to be in the A or I strata, although R i is a stronger predictor than Q i . In Appendix D, we report coefficients from a second application with a different retailer. For that retailer, Q i is a more important predictor with β coefficients similar to R i . Finally, Table 6 compares the variance of the ATE between the principal stratification model Table 3 ). 
Conclusion
The recent popularity of advertising experiments to estimate incrementality has exposed many challenges that marketers face when fielding and analyzing experiments. Because advertising effects are often small and because consumer response is noisy, precisely estimating these effects is hard even with large samples (Lewis and Rao 2015, Berman et al. 2018 , Azevedo et al. 2019 .
The principal stratification model allows a firm to decompose consumer responses into purchase incidence and purchase amount. This, in turn, can provide a more precise estimate of the ATE by separating out the people who will never buy regardless of treatment and therefore have zero treatment effect. The estimate will be more precise when the share of customers who do not purchase in the experiment is large, which is often the case in advertising experiments. While we have focused on advertising lift testing here, the principal stratification model would be useful for any type of marketing experiments where the response is customer-level sales.
A reliable reduction in the variance of the ATE, as is shown in both applications, may be useful for firms in several ways. First, when making decisions about advertising investments and budget allocations, precise ROI measurements will allow firms to better allocate their advertising spending. Second, a smaller variance in the ATE translates to a smaller sample size required to detect a positive effect in experiments. When designing experiments, the required sample sample size is linear in the variance of the ATE, and hence a 30% reduction in variance translates to a 30% reduction in required sample size. Depending on the advertising medium, smaller required sample sizes result in cost savings because 1) the budget required to purchase media for the test is smaller, 2) there is a shorter amount of time required to achieve the required sample size (i.e., faster learning), or 3) a smaller control group can be used to decrease the opportunity cost of the test.
Beyond the benefit of lowering the variance of the ATE, our method also lets firms understand how consumers are influenced by advertising. When π I is large, the advertising is convincing people to buy, while when µ A 0 − µ A 1 is large, the advertising is encouraging those who would have bought to buy more. Marketers can test different ad creatives to learn how those creative affect both types of customers. When the analysis is combined with covariates about a customer's past behavior, the information can also be used to predict a customer's response stratum, and the result can be used for targeting.
In the application, the variance of the estimated ATE is consistently decreased by about 30-60%.
We also provide a summary statistic based on simple averages that analysts can calculate to predict if principal stratification will be useful without complex modeling. Moreover, the consistency of the results across experiments and time periods means that if firms are engaged in repeated advertising (such as retailers who use catalogs throughout the year), they can use the estimates from past experiments to inform the sample sizes for future experiments.
Our method is not without limitations. First, principal stratification is only useful for experiments with a continuous response that has a large number of observed zeros. This structure is typical of customer-level sales and could be applied to time-on-site data where there are typically a large proportion of session with zero time-on-site (i.e., bounces). However, conversion experiments where the outcome is binary will not fit this setup. Second, we make distributional assumptions in the estimation procedure. A non-parametric approach similar to Ding et al. (2011) can be applied, but will require using covariates and other assumptions. Third, the model assumes there are no customers who would purchase only when they are not exposed the the advertising. This assumption improves the identification of the principal stratification model and is consistent with other models of advertising response, e.g., the ad-stock model.
The two covariates we focused on (recency and responsiveness) are commonly available to marketers. To formally prove their usefulness, we made the assumption that stratum membership for each customer is drawn from a static distribution. This model can be extended to allow stratum membership to follow a hidden Markov model (HMM) which could be estimated from panel data.
Such an approach would allow us to incorporate past behavior of customers into the analysis of an experiment in a more structured way. We also encourage the investigation of other covariates to predict stratum membership or mean response within-stratum, particularly those based on consumers' prior engagements with the brand.
Although we focused on the static analysis of experiments that have already been fielded, the Bayesian implementation of the principal stratification model can be readily adapted to dynamic inference in experiments, which is becoming the norm for many A/B testing platforms (e.g., sequential testing, online Bayesian inference). This would provide insights about the size and response for each stratum as the experiment is running. We believe such applications hold tremendous potential for future work that will combine principal stratification with dynamic experimental designs.
A Details of principal stratification model A.1 Priors
We adopt weakly-informative priors:
assuming the positive responses are standardized. When covariates are included the prior on (π A , π I , π N ) is replaced with a prior on β:
A.2 Stan code for principal stratification model 
A.3 Synthetic data parameter recovery study
To confirm that the principal stratification model is identified, we simulated data from a model using parameters similar to those estimated in Experiment 2 (see Table 2 ) with 70,000 customers in each group. Table A .1 shows that for this synthetic data set, the true value falls within the posterior 95% credible interval for all parameters. The posterior of µ I 1 is more diffuse relative to the other parameters, because it is only identified as a small component of the mixture distribution in equation (11) and this uncertainty in µ I 1 is propagated into the estimates of the ATE. covariates improves the identification of the group means µ A 1 and especially µ I 1 . This is confirmed by narrower posteriors for µ A 1 and µ I 1 and, consequently, the ATE, for a similar amount of data. 
Expt 3 Purchases in Control Group
C Proofs
Proof of Proposition 2. We first prove the following lemma:
Lemma 1. Let y it be the purchase indicator and z it the exposure indicator for consumer i at time t. Suppose that 1/2 > π A i > π I j , and 1/2 > π I i > π I j . Then P r(y it = 1) > P r(y jt = 1) and P r(y it z it = 1) > P r(y jt z jt = 1).
Proof. Let X A it = 1 iff the consumer is in stratum A at time t and X I it = 1 iff the consumer is in stratum I at time t. Let p z = P r(z t = 1) be the unconditional probability of exposure in the population in each time period.
Then:
Where the penultimate equality follows from the mutual exclusivity of X A it and X I it . We notice that the exposure z it only influences purchase if X I it = 1. Hence, only correlation between z it and X I it = 1 might alter the expectation from one that assumes independence. Denote by 1 > ρ I ≥ 0 the correlation between X I it and
where 1 > ρ A ≥ 0 is the correlation coefficient between X A it and z it . Using a similar argument to before, because 1/2 > π A i > π A j , P r(y it z it = 1) > P r(y jt z jt = 1).
We can apply Lemma 1 and its proof to the responsiveness estimator Q i = in the following way:
This implies that when 1/2 > π A i > π A j and 1/2
, we first prove the following lemma: Lemma 2. Let π i and π j be the probability of a purchase by a consumer in each time period, and
Proof. The pmf of the recency is: P r(R = k|π) =
The expected value is:
The derivative of the expected value with respect to π equals:
At T = 1 the derivative is zero. The expression
2 is decreasing in T . Hence for every T > 1,
The first lemma shows that if 1/2 > π I i > π I j then π i = P r(y it = 1) > P r(y jt = 1) = π j . Hence, using the second lemma, it implies that
D Additional application
In a second application we analyze six catalog experiments conducted by a different multi-channel retailer with a similar data structure. The firm collected CRM data for the customers in the experiments for 19 months prior (see Figure D.1) . The response is all-channel purchases within 30 days
March 2012
September 2013
Pre-Randomization Observational Data
Transactions and monthly catalog mailings for a random sample of 5,000 customers
Randomized Experiments
Six catalog experiments on subsets of the 5,000 customers with small randomized control groups To confirm that the distribution of log-sales is suitable for the principal stratification model, we plot histograms of the positive responses in Figure D. 2. While the small sample size makes it
Expt 1 Purchases in Control Group
Purchase Amount (log $) Table D .2 and are distinct from Application 1 in a few ways: 1) the N stratum is larger, the A stratum is smaller and the I stratum is larger, 2) the average purchase amount for the I stratum is higher than A (with the exception of Experiment 6). In other words, this retailer's catalogs generate a larger lift in purchase incidence and those who only purchase when treated make relatively large purchases. This retailer is more luxury-oriented, which may explain this difference in response, and the principal stratification model helps to identify differences like these in the effect of a marketing treatment on sales. The estimates also show that low responsiveness (Q i < 0) is predictive of being in the N stratum, i.e., β N 2 is large; in the application reported in the paper, responsiveness is less predictive.
Finally, Table D .3 compares the estimates of the ATE for the benchmark models and shows a 7 A previous version of this paper reported the differences in mean sales, which are mostly positive due to large purchases in the treatment group. Table D.1 reports the difference in log-sales, which are mostly negative. consistent reduction in the variance of the ATE for the principal stratification models. 
